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Fig. 2 Accuracy of correction vector scheme.

the covariancesimulationincorporatesthe equationsdevelopedpre-
viously. Inasmuchas the Tomahawkmissile is being considered,the
terrain scene is a terminal area digital scene matching and area cor-
relation (DSMAC) scene.

Shown in Fig. 2 is a typical CEP plot from the covariance sim-
ulation, which illustrates that the highly accurate positional solu-
tion obtained from the relative GPS correction vector scheme de-
grades only minimally between the DSMAC scene and the target.
For target penetration considerations, the results presented here in-
corporate a terminal trajectory with a high-angle dive to impact
the target. At the target, the navigational error contributes 2.6%,
the steering error 10.2%, the scene center location error 20.9%,
and the relative target location error 66.3%, which is consistent
with the earlier discussion regarding relative error magnitudes.
An examination of Fig. 2 also reveals that the correction vector
scheme affords a substantial improvement over the situation where
the Kalman � lter accepts a high-quality DSMAC positional up-
date and, subsequently, the missile � ies in a free inertial manner
to the target (the mode of operation for the current Block III Tom-
ahawk missile). Because improvements in satellite imaging tech-
nology are expected to permit larger DSMAC scene to target sepa-
rations while maintaining the same scene/target relative error, free
inertial navigation to the target will clearly become less desirable,
and relative GPS schemes such as the one proposed herein more
desirable.

Summary
The advantage of employing the relative GPS correction vector

scheme is basically threefold. First, through the virtual elimination
of the pseudorange bias and absolute target location errors, imple-
mentation of this scheme results in accuracies at the target that are
signi� cantlybetter than thoseaffordedby a standardGPS-only navi-
gationsolution.Second, thenecessarymodi� cationsto existingnav-
igation software are minimal, and thus the correctionvector scheme
is seen to offer affordability,especiallywhen compared to the other
primary alternative for achieving precision strike accuracies, i.e.,
weapons equipped with terminal guidance seekers. Continuing the
comparison to terminal seekers, the proposed scheme also has an
all-weather advantagebecause terminal seekers typically suffer de-
graded performance in certain environments, e.g., infrared seekers
in low cloud ceilings. Finally, the proposed GPS bias elimination
scheme permits signi� cantly larger terrain scene to target separa-
tions and, hence, greater � exibility in mission planning.
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I. Introduction

I N this Note, a new method is presented for the numerical calcu-
lation of near-optimal solutions to trajectory optimization prob-

lems. The new approach, which is applicable to a wide class of
problems, relies on a scheme of sequentiallysolving low-order dis-
cretizedsubproblemson short,partlyoverlappingsubarcs.The tech-
nique requiresvery little computer memory and is ideally suited for
parallel processing. The overall convergence rate is probably only
linear,but thecalculationof individualtrajectoriesis veryfast,which
makes the overall algorithm competitive also in terms of speed.
Furthermore, each iterate of the trajectory satis� es all physical con-
straints, i.e., represents a feasible trajectory, even before complete
convergence to the optimal trajectory is achieved. That means the
iteration process can be stopped at any time and the currently best
obtained solution can be used as a feasible trajectory.

II. Problem Formulation
Let us consider the following class of optimal control problems:

min
u 2 (PW C [t0 , t f ])m

t f

t0

L(x , u, t) dt (1)

subject to the conditions

Px D f (x , u, t ) (2)

w 0[x(t0), t0] D 0 (3)

w f [x(t f ), t f ] D 0 (4)

Here, x(t ) : R ! Rn , u(t ) : R ! Rm are the state and control
functions of time, respectively, and t is the time. In addition to
the conditions (2–4), we may consider control constraints and state
constraintsof the general form

g(x , u, t ) · 0 (5)

h(x , t ) · 0 (6)

respectively.The smoothness of the functions

L : Rn C m C 1 ! R, f : Rn C m C 1 ! Rn

w 0 : Rn C 1 ! Rk0 , k0 · n

w f : Rn C 1 ! Rk f , k f · n

Pg : Rn C m C 1 ! Rp , h : Rn C 1 ! Rq

with respect to their arguments is assumed to be of whatever or-
der is required. (PWC [t0 , t f ])m denotes the set of all piecewise
continuous functions de� ned on the interval [t0 , t f ] and mapping
into Rm . Conditions (2–4) represent the differentialequationsof the
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underlying dynamical system, the initial conditions, and the � nal
conditions, respectively. For conciseness, control constraints and
state constraints are only considered in inequality form [see (5) and
(6)]. The results obtained in this Note can be immediately extended
to the case where state and control constraints are given as equality
constraints or as a mixture of both, equality and inequality con-
straints.

Loosely speaking, the special feature that we require in the prob-
lem formulation (1–6) is that the cost state y de� ned by

Py D L(x , u, t ), y(0) D 0

be controllable independently of the states x . More precisely, we
require the following.

Condition1. On any subinterval[a, b] ½ [t0 , t f ], the contribution

b

a

L(x , u, t) dt

to the cost function must not be completelydetermined by prescrib-
ing all the states x at a and b.

This additional condition enables us to improve a given nonop-
timal trajectory iteratively by optimizing isolated subarcs subject
to � xed boundary states. This concept, which is the central idea
that leads to the concatenated approach to trajectory optimization
(CATO) algorithm introduced in the present Note, is explained in
more detail in the next section.

III. Principle of Optimality
The principle of optimality in its standard form applied to prob-

lem (1–6) can be stated as follows (see, for example, Ref. 1).
Theorem 1. Let x¤(t ), u¤(t), t 2 [t0 , t f ], denote the optimal so-

lution to problem (1–6), and for some t1 2 [t0 , t f ) let x1 D x¤(t1).
Then x¤(t ), u¤(t), t 2 [t1 , t f ], represent an optimal solution to the
problem

min
u 2 (PW C [t1 , t f ])m

t f

t1

L(x , u, t) dt

subjectto (2) and (4–6)andsubjectto the initialconditionx(t1) D x1.
The special structure of problem (1–6) with Condition 1 allows

a considerably stronger statement than the preceding one. The fact
that the total cost is accumulated uniformly throughout the tra-
jectory independently of the state values at the boundaries and
that the current value of the cost does not have any effect on the
state evolution and on the constraints implies that every subarc of
an optimal solution provides an optimal solution to the cost cri-
terion L(x , u, t ) dt by itself. More precisely, we can state the
following.

Lemma 1. Let x¤(t), u¤(t ), t 2 [t0 , t f ], denote the optimal so-
lution to problem (1–6), and assume that Condition 1 is satis� ed.
Furthermore, for some t1, t2 2 [t0 , t f ] with t1 < t2, let x1 D x¤(t1),
x2 D x¤(t2). Then x¤(t ), u¤(t ), t 2 [t1, t2], represent an optimal
solution to the problem

min
u 2 (PW C [t1 , t2])m

t2

t1

L(x , u, t ) dt

subject to (2), (5), and (6) and subject to the boundary conditions
x(t1) D x1, x(t2) D x2 .

Anotherstatementthat canbe immediatelyderivedfromLemma 1
is as follows.

Lemma 2. Let Nx(t ), Nu(t), t 2 [t0, t f ], denotea solution to problem
(2–6) [no matter what the value of the cost L(x, u, t ) dt is], and
for some t1 , t2 2 [t0 , t f ] with t1 < t2 , let x1 D Nx(t1), x2 D Nx(t2).
Furthermore, let x¤(t ), u¤(t), t 2 [t1, t2], denote a solution to prob-
lem (2), (5), and (6), subject to the boundary conditions x(t1) D x1,
x(t2) D x2, such that

t2

t1

L(x¤, u¤, t) dt ·
t2

t1

L( Nx , Nu, t ) dt

Then the functions Ox(t), Ou(t ), de� ned by

Ox(t ) D
Nx(t ) on [t0, t1] [ [t2, t f ]

x¤(t ) on (t1 , t2)

Ou(t ) D
Nu(t ) on [t0, t1] [ [t2 , t f ]

u¤(t ) on (t1 , t2)

represent a solution to problem (2–6), and the cost associated with
Ox , Ou is better than or equal to the cost associated with Nx , Nu, i.e.,

t f

t0

L( Ox , Ou, t) dt ·
t f

t0

L( Nx , Nu, t ) dt

IV. New Numerical Method: CATO
In the following, the idea of Lemma 2 is exploited to design a new

numerical algorithm. Assume we are given a direct optimization
approach whose precision is controlled through the number of dis-
cretizationnodesalong the time axis.To be speci� c, we consider the
differential inclusionapproach,which requires a discretizationonly
of the states.However, the basic idea of the CATO approachis appli-
cable also in conjunction with pure control discretization schemes
(only the controls are discretized) or with collocationschemes (both
controls and states are discretized). For demonstrationpurposes,we
assume that the computer capability is limited to 4 nodes (3 subin-
tervals) and that the desired resolution can be achievedonly with 13
nodes (12 subintervals).

The algorithmconsists of the following four steps, the last one of
which will be repeated until convergence is achieved (see Fig. 1).

Step 1. Generate a 4-node direct solution to problem (1–6).
Step 2. Generate a 13-node starting trajectory by linearly inter-

polating the 4-node solution obtained in step 1.
Step 3. Improve the 13-node starting trajectory by individually

optimizingthe four4-nodesubarcs,[nodes1–4], [nodes4–7], [nodes
7–10], and [nodes 10–13]. Each subarc is optimized subject to � xed
boundary states at its two ends, except at nodes 1 and 13, where the
boundary conditions (3) and (4) are enforced, respectively.

Step 4 (iterated). Randomly pick a starting node n0 such that 1)
n0 ¸ 1 and n0 is less than the number of nodes in each subarc,
i.e., 1 · n0 < 4 in our example, and 2) n0 is different from the
value picked in the previous iteration. (Here it is understood that
n0 D 1 was picked in step 3, i.e., in the iteration previous to the � rst
iteration in step 4.) Then improve the latest 13-node trajectory by
individuallyoptimizingsubsequent4-nodesubarcsas shown in step
3, but this time starting at node number n0 . In our example in Fig. 1,
with n0 D 2, this leads to the optimization of the three individual
4-node subarcs, [nodes 2–5], [nodes 5–8], and [nodes 8–11].

V. Remarks
In the following,the CATO algorithmis discussedin some greater

detail.
1) The purpose of steps 1 and 2 is to generate a 13-node start-

ing trajectory under the assumption that the computer capability is
limited to generating only a 4-node solution. By experience, steps
1 and 2 usually generate reasonablestarting trajectories. In general,
however, these starting trajectories may be far from optimal and
need not even satisfy the (discretizedversions of) constraints(2–6).
Any method to generate a 13-node initial guess without exceeding
the assumed 4-node computer capability could be used to replace
steps 1 and 2.

2) Step 3 can be regarded as a special case of step 4, namely for
the choice n0 D 1.

3)During the repetitionof step4, thechoiceof a startingnoden0 in
the current iteration different from the starting node in the previous
iteration guarantees the subsequentoptimizationof the trajectoryat
all nodes. Note that nodes that were � xed in the previous iteration
are guaranteed to be optimized in one of the subsequent iterations.

4) In each step, the optimizationof the individualsubarcs is com-
pletely decoupled. Hence the CATO algorithm is well suited for
parallel computing.

5) It is easy to verify that the CATO algorithmcan also be applied
to problems with nonequidistantnode placement.
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a) Step 1: solve the 4-node discretized problem

b) Step 2: linearly interpolate 4-node solution and obtain 13 node guess

c) Step 3: solve concatenated 4-node sub-problems

d) Step 4: randomly choose starting node n0 with 0 < n0 < 4, say n0 = 2, and re-solve concatenated 4-node sub-problems as in step 3

Fig. 1 Steps involved in the concatenated trajectory optimization approach for the example of a 13-node solution generated from 4-node subarcs.

6) A formal convergenceproof is not given in this Note. It is ob-
served,however, that each iterateof the CATO method, startingwith
the trajectoryobtainedin step 3, satis� es the conditions(2–6) within
the discretization of a 13-node solution. Furthermore, the cost [in
the senseof problem(1)] of subsequentiteratesof the CATO method
is nonincreasing.Finally, at least for � xed-� nal-time problems, the
optimal solution to the overall problem furnishes a stationary point
for the CATO iterations.

7) By experience it can be expected that the robustness of any
given direct optimization method reduces when the number of de-
sign parameters is increased. As the CATO algorithm is based on
the idea of solving a big problem by breaking it into a sequence of

smaller problems, it can be expected that the overall robustness of
the CATO algorithm is an improvement over solving the problem
in a single run with a large number of parameters.

8) Stop criterion: The CATO algorithm is stopped once a station-
ary point is reached, i.e., once subsequent iterations do not lead to
a signi� cant change in the trajectory.

For engineering applications a more pragmatic strategy may be
to simply stop the iteration after a certain time limit is reached and
acceptas theoptimalsolutionthebestiteratethathasbeengenerated.
For example, in on-line robot path planning, a new maneuver could
be shaped and iterativelyimproved until the robot has completed the
currentmaneuver.This strategy is sensible as all iterates after step 2
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of the CATO algorithm represent feasible solutions that satisfy all
physical constraintseven before complete convergence(in terms of
cost) is achieved.

VI. Classes of Solvable Problems
An important class of optimal control problems that � ts into the

pattern described by (1–6) and Condition 1 are minimum-energy
problems, i.e., problems with a cost function of the form with
L(x , u, t ) D x T Qx C uT Ru .

Another important class of problems suited for the CATO ap-
proach are autonomousminimum-time problems. Intuitively, this is
clear, as for any two points A and B along a given (nonoptimal)
trajectory, the � nal time is guaranteed to decrease if only the time
that it takes to go from A to B is decreased.Clearly, in the practical
application of the CATO algorithm to autonomous minimum-time
problems, each subproblemin steps 3 and 4 of Fig. 1 would simply
become an autonomousminimum-time problem in itself. Note that
for this type of problem application of the CATO iterations, in gen-
eral, leads to a nonequidistantnode distribution even if the starting
grid (in step 2 of Fig. 1) is equidistant.

VII. Numerical Example:
F-15 Minimum Time to Climb

Asstatedin an earliersection,the resultsof thisNotearegenerated
using the direct method called trajectory optimization via differen-
tial inclusion (TODI)2 to perform the optimizationof short subarcs
of the trajectoryas requiredby the CATO algorithm.To solve the re-
sulting nonlinear programming problems, the code NPSOL version
4.05 (Ref. 3) is used.

The precision of the problem discretization associated with the
TODI algorithm is controlled through the user-chosen integer N ,
which represents the total number of nodes along the subarc to be
optimized. In between neighboring nodes, the states are approxi-
mated by linear functions,and the controls(even though they do not
appear explicitly in the TODI formulation) are consideredconstant.
Higher-order discretizations are possible with the TODI approach,
but in problems with discontinuouscontrol jumps and complicated
switching structures they suffer the same disadvantagesas in collo-
cation approaches.

For application of the CATO approach, M nodes are placed
equidistantly along the total time interval associated with the full
problem (with the � rst node at t0 and the last node at t f ). Sub-
sequently, in the framework of the CATO approach, subarcs of N
(N < M ) nodes are optimized.In the presentstudy,we have chosen
M and N such that M¡1 is an integermultipleof N ¡1. Note that for
minimum-time problems the CATO iterationscause the node place-
ment, in general, to become nonequidistanteven when the starting
node placement is equidistant.

All calculations are performed on a SPARC 10 workstation.The
CPU time requirements reported are satis� ed without making use
of the warm-start option in NPSOL. Through this option, the user
can provide initial guesses for the active constraint set and for the
associated Lagrange multipliers in addition to the initial guesses
for the design parameters. It is expected that, especially in the later
CATO iterations, when initial guesses are very good, the warm-
start option would speed up the iterations signi� cantly, but this has
not been tested numerically. Further CPU time savings could be
achieved, of course, through parallel processing.

We consider the problem of steering an aircraft from prescribed
initial states at ground level to the dashpoint (the rightmost point on
the level-� ight envelope) in minimum time. Explicitly, the problem
can be stated as follows:

min t f (7)

subject to the equations of motion

PE D ( g T ¡ D)(v/ W ), Ph D v sin c

Pc D (g/ v)(n ¡ cos c )
(8)

the control constraint

0 · g · 1 (9)

and the boundary conditions

E (0) D 2668m (10a)

h(0) D 5 m (10b)

c (0) D 0 rad (10c)

E(t f ) D 38,029.207 m (10d)

h(t f ) D 12,119.324 m (10e)

c (t f ) D 0 rad (10f)

The speci� c energy E (replacing the velocity v), the altitude h, and
the � ight-path angle c are the state variables. The load factor n and
the power setting g are the control variables. The variables m, g,
W D mg, T D T (E , h), and D D D(E , h, n) are the vehiclemass,
the Earth’s gravitationalacceleration,and the vehicleweight, thrust,
and drag, respectively. The precise de� nitions of all quantities are
given in Ref. 4.

The aim is to generate a 101-node CATO solution by iteratively
optimizing 11-node subarcs, i.e., in terms of the de� nitions of the
previous section, we choose M D 101 and N D 11. To generate an
initial guess for step 1 of the CATO algorithm, we interpolate lin-
early the prescribed initial and � nal states de� ned in Eqs. (10). For
estimates of the free � nal time between 10 and 1000 s the 11-node
TODI approachalways convergesin fewer than 30 iterationsand the
required CPU time is always less than 2 s. The subsequent11-node
TODI runs in steps 3 and 4 of the CATO algorithm typically con-
verge in fewer than 10 iterations and take less than 1 CPU second.
For example, 10, 20, 40, and 100 CATO iterations are performed
in 90, 170, 305, and 575 CPU seconds, respectively. The associ-
ated optimal � nal times are 268.94, 268.26, 268.04, and 268.02 s,
respectively. Each 11-node TODI run involves solving a nonlinear
parameter optimization problem with 35 parameters and 68 con-
straints.For this problemNPSOL version4.05 requiresa work array
of dimension 9338.

For comparison, if a 101-nodesolution to problem (7–10) is gen-
erated directly using TODI (i.e., without the CATO approach), then
the total number of parameters is 305 and the number of constraints
is 608. The work array required by NPSOL version 4.05 is then of
dimension 575,798.Using again as initial guess a linear interpolant
of the boundary states de� ned in Eqs. (10), the convergencebehav-
ior is signi� cantly less robust than in the 11-node case. Three test
runs were attempted, with the initial guess t f , guess for the � nal time
t f set at 1) 200 s, 2) 268.104 s (which is the optimal � nal time), and
3) 300 s. Cases 2 and 3 did not converge.In case 1, convergencewas
achieved after 96 iterations and nearly 2033 CPU seconds. The ob-
tained optimal � nal time is then 268.104 s. The variational solution
of problem (7–10) yields an optimal � nal time of 268.198 s.

Figures showing the time historiesof selected states can be found
in Ref. 5.

VIII. Summary and Conclusions
A method was introduced to generate high-resolution, near-

optimal, direct solutions to trajectory optimization problems with-
out the usual requirement for high computing power. The method
is based on the iterative improvement of a low-accuracy, possibly
infeasible, starting trajectory on short, partly overlapping subinter-
vals using standard direct optimization techniques. By experience,
the overall rate of convergence to the optimal cost is only linear,
but each CATO iteration is fast, and each iterate represents a fea-
sible solution by itself, even before complete convergence in terms
of cost is achieved. The class of problems that can be solved with
this approach includesminimum-energyproblems and autonomous
minimum-time problems.
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Introduction

T HE goal of life-extending control is to achieve a tradeoff
between structural durability and dynamic performance of

complex mechanical systems such as aircraft, spacecraft, and en-
ergy conversionsystems.Typically,a controllersynthesisprocedure
guarantees the stability of a closed-loop system within speci� ed
uncertainty bounds and, at the same time, ensures that the perfor-
mance speci� cations are satis� ed. Performance is usually de� ned
in terms of command signal tracking, disturbance rejection, and/or
control effort minimization.However, in general, reductionof dam-
age occurring in critical plant components that are vulnerable to
structural stresses is not explicitly taken into account in synthesis
of the control law. Work reported by Ray et al.1 shows that, using
optimized open-loop feedforward control sequences, it is possible
to substantiallyreduce the damage rate and accumulation in critical
plant components with no signi� cant loss in dynamic performance.
However, such a damage-mitigation procedure is based on exten-
sive off-line optimization and is applicable only when the opera-
tional maneuver is known a priori. Tangirala2 presenteda combined
feedforward/feedback controller synthesis methodology applied to
a laboratory test bed that achieves life extension and enhanced per-
formance by using optimal open-loop input sequences along with a
damage-mitigatingoutput feedback controller.

This Engineering Note presents the results of ongoing research
in life-extending control and is a continuation of the results pre-
sented in previous publications. Speci� cally, this Note presents a
procedure for synthesis of life-extending feedback controllers and
explores the feasibilityof its application to a reusable rocket engine
such as the Space Shuttle main engine. However, for brevity, the
dynamic model of fatigue damage, discussed in detail in a previous
publication,1 is not presented.As an example of life-extendingcon-
trol synthesis, the results reported focus on 1) reduction of fatigue
damage in the blades of the oxidizer (O2) and fuel (H2) turbines
and 2) enhancementof engine performanceby simultaneouslymin-
imizing the turbine torques and the output tracking errors of the
thrust chamber pressure and the O2/ H2 mixture ratio. To realize
different levels of performance/damage tradeoff, one performance
controller and three damage-mitigating controllers are synthesized
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by using an induced L2-norm method3 applicable to sampled data
systems.

Synthesis of Life-Extending Feedback Controllers
This section summarizes a synthesis procedure for sampled-data

outputfeedbacklife-extendingcontrolsystemsbasedon a linearized
continuous-time model of a reusable rocket engine. A description
of the rocket engine and derivation of the plant model are reported
by Ray and Dai.4 The plant model has 20 states and the two control
inputs are the command signals to oxidizer valve actuators of the
oxidizer (O2) preburner and fuel (H2 ) preburner. The inputs to the
controllerare the error in the thrust chamber pressureand the O2/ H2

mixture ratio.
The main objectiveof the control synthesisis to achievea tradeoff

between high system performance and low fatigue damage rate and
accumulation in critical plant components. This is accomplished
by appropriate selection of the (frequency-dependent) weighting
functionsused for controller synthesis.This section presents the de-
sign of four different controller modules that yield different levels
of performance/damage tradeoff. The performance controller (PC)
is designed without taking damage into consideration. The three
damage-mitigatingcontrollers(DMC1,DMC2, andDMC3)demon-
strate three levels of tradeoff between performance and structural
damage.

The nominalplantmodelused for thecontrollerdesignis obtained
by linearizing the nonlinear model of a reusable rocket engine4

at a chamber pressure of 17.58 MPa (2550 psi), which represents
the midpoint of the pressure ramp-up range from 14.48 (2100 psi)
to 20.69 MPa (3000 psi) considered here. Referring to Fig. 1, the
design goal is to � nd a stabilizing discrete-time controller so that
the induced L2-norm of the transfer matrix from w to [z1 z2 z3]T

is minimized. We use the method of Bamieh and Pearson3 for L2-
induced synthesis for sampled-data systems, which makes use of a
lifting technique to take intersample behavior into account in the
controller synthesis procedure.The sampled-dataproblem is recast
in terms of an equivalent discrete-time H1 synthesis problem. The
scheme for the sampled-data controller design is shown in Fig. 1.
The sampling interval is chosen as 0.002 s, which is fast enough to
capturethe thermal-hydraulicdynamicsof the rocketenginewithout
any appreciablealiasing in the output signal.

The performance weighting functions for penalizing the devia-
tions of the actual thrust chamber pressure and O2/H2 mixture ratio
from their reference trajectories are selected as

Wpress(s) D
kp (s C a p )

s C b p
and WO2 / H2 (s) D k0 (1)

where forDMC1, kp D 2000.0, a p D 7.5, b p D 30.0, and k0 D 1.0 £
105; for DMC2, kp D 4000.0, a p D 7.5, b p D 30.0, and k0 D 1.0 £
106; for DMC3, kp D 8000.0, a p D 7.5, b p D 30.0, and k0 D 2.0 £
106; and for PC, kp D 500.0, a p D 0.5, b p D 1.0, and k0 D 2.0 £ 105.

Fig. 1 Scheme for synthesis of the sampled-data controller.


